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Conjugate solutions of the equation of swirling cylindrical flow are considered
in the case where the ‘primary’ flow has constant axial velocity. Numerical
solutions are exhibited, which suggest a division of primary flows into four classes,
and some conditions governing membership of these classes are derived. Finally,
the case when the governing equation is slightly non-linear is considered.

1. Introduction

This paper is an attempt to answer certain questions in the theory of vortex
breakdown as propounded by Benjamin (1962), and expanded by Fraenkel
(1967). In his paper, Benjamin gives two examples of flows for which just one
conjugate exists.t In one of these examples, the velocity on the axis is greater in
the conjugate flow, and in the other the velocity on the axisislessin the conjugate
flow. One purpose of the present paper is to explain why this should be, and to
find out whether two conjugate flows can exist for the same primary flow. The
other is to investigate the behaviour of the curve T', introduced by Fraenkel,
from which important properties of conjugate flows can be derived.

Consider an inviscid fluid of unit density in steady axisymmetric swirling flow,
in an infinite pipe of circular cross-section and radius (2a)!. Let (r, 8, ) be cylin-
drical polar co-ordinates, (u,v,w) the corresponding velocity components, and
put y = 172 Then the stream function ¥ is defined by

Uy, =w, Y,=—ru,
and by ¥y = Oony = 0.

Suppose that upstream a cylindrical flow 4 exists with velocity (0,2 ,(y), w ,(¥)),

where w 4(y) > 0 on [0, a]. Then

m@=ﬂmmw

is a monotonic function of y. Let ¥ 4(a) = b, so that the volume flux through the
pipe is 2mb. Let the circulation be denoted by {872L,(y)}? so that L,(y) = yv 3 (¥);
and let the total head be denoted by H ,(y), so that

v
H ,(y) = po +f v A1) 2rdr + 30 8 +w ),
0

where p, is the pressure on the axis.

t Although his equation (5.22) may have more than one solution for £ in [0, R], only
one is physically relevant.
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Functions H(y/) and (i) can then be defined parametrically for 0 < ¢ < b by
H==H,r), I=1L(1) and ¢ =1 ,(7),

since 1 ,(7) is a monotonic increasing function on [0, a].

It is assumed that the flow 4, known as the primary flow, is supercritical ac-
cording to Benjamin’s (1967) definition. This means that the flow 4 cannot sup-
port standing waves of small amplitude, or, mathematically, that the equation

Sy +{37%y "+ Py)ys = 0,} (L)
with §(0) = s(a) = 0, '
where Ply) = —H" )} + sy 1" 4y)}
has no negative eigenvalues y2.

Then the equation governing steady cylindrical flow may be written as
Yy =H') -3y I'(Y), (L.2a)
with Y(0) =10, ¥a)=0. (1.2b,¢)

For the derivation of equation (1.2) see Benjamin (1962, appendix §a).

The primary stream function ¥ ,(y) must be a solution of the boundary-
value problem (1.2). There may be other solutions, the stream functions of the
so-called conjugate flows. Not every solution, however, can represent a physically
realizable flow. It is necessary that v, > 0 everywhere in (0, a), so that y(¥) is a
single-valued function of 4. This restriction also ensures that 0 < ¥ < b for
0 < y < @: this is necessary because the functions H(y) and /(i) are only defined
for 0 < ¥ < b. Also, for the flow to be stable, it is necessary that I, > 0. These
conditions are applied to the flows discussed in §§2 and 3, but are abandoned in
§4, which is primarily of mathematical interest. In §4, H(y) and I(y) will be
extended analytically to values of i outside [0, &].

Let the boundary condition (1.2¢) be replaced by

#,(0) = A. (1.3)

If the functions w (7) and v ,(7) are sufficiently smooth, they can be extended to
all values of 7 in such a way that the initial value problem (1.2a,5) and (1.3)
has a unique solution ¥(y, A) on [0, ] for all bounded values of A (Fraenkel 1967,
appendix).

For those values of A for which

Yla,A) = b, (1.4)

Y(y,A) is a solution of the boundary-value problem (1.2). Let the values
of A for which this is so be {A,} where A, is defined by ¥ ,(y) = ¥(y,A,), and
...A_; < Ay < A,.... Then, following Fraenkel, define

&) = Yla, ) —0b (1.5)
and 7(A) = ¥ (a. A). (1.6)
and let [' be the curve defined parametrically in the (£,7)-plane by & = £(A),
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7 = p(A). T'is simple and smooth, and intersects £ = 0 at A = A,,. Also, if (1.2q) is
linear (i.e. H and I are both quadratic functions of ¥), then (1.3) implies that
¥y, A) is a linear function of A, so that I' is a straight line. It was shown by
Fraenkel that the important properties of physical flows, viz. the change in
flow force and whether or not the conjugate flow can support standing waves,
are known when the form of T" is known.

2. Computed solutions

The equations (1.2a,b) and (1.3) were integrated numerically by the Adams—
Bashforth process on the Cambridge University Titan Computer for certain
primary flows, and the curve I' plotted in each case.

In §§2-4, the primary axial velocity is unity, and the radius of the pipe is /2,

so that ¥ ,(y) = v, and w ) =1 for 0<y<l.

Then AO = ]., and ]/(2//) _ 2,/,[{/(%)’ (:’_).1)

s0 thas H ()= Wy () = A=y ) H'(Y). (2.2)
All the examples treated have the realistic feature
v 4/r—>constant as y — 0;

i.e. the fluid has solid-body rotation on the axis of symmetry.
A convenient measure of how far a flow is supercritical or subcritical is Ben-
jamin’s parameter N, defined by

N = (e tec)(e —c),

where ¢, ( > 0) and ¢_(Z 0) are the propagation velocities in the main stream direc-
tion of very long waves propagating with and against the flow respectively.
For a supercritical flow we have c_ > 0, N > 1, and for a subcritical flow we have
c_ < 0, N <1 (see Benjamin 1962).

Example ()
The primary flow is given by
va(y) = 39y +6y%) for 0<y< L (2.3)
Yy = H' () =2y I'(Y) = 20—y ¥P) A+ 9). (2.4)

In this case a conjugate flow exists for A, = 2:78, with ¥(y,A,) > ¥(y, 1) every-
where in (0, 1). There is no other conjugate flow. For the primary flow N = 1-10
and for the conjugate flow N = 0-62 (see figures 1 and 2).

Then

Ezxample (b)
The primary flow is given by

v (y) = (4y—16y2/15)F for 0 <y <

1.
Then Ve = H'Gp) = by I () = 40— y=2) (1 - 20).

N —_—— ——
Lo [
(=2} =

-

e
f=
o
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In this case a conjugate flow exists for A_; = 0-08, with ¥ (y,A_,) < ¥(y,1)
everywhere in (0, 1). There is no other conjugate flow. For the primary flow N =
1-02 and for the conjugate flow N = 0-52 (see figures 3 and 4).

1,278

05 -

1 1
0 05 1

Yy
Ficure 1. Conjugate solutions of equation. (2.4).
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Ficure 2. The curve I for the primary flow va(y) = 39y +6y%)%, wa(y) = 1on0 < y < 1.
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Froure 3. Conjugate solutions of equation (2.6).
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Ficure 4. The curve I' for the primary flow waly) = (d4y— 1632/15), waly) = 1 on
O0<sy<
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Ezample (c)
The primary flow is given by
vy) = H(4y—82+ Ty for 0<y< L (2.7)
Yoy = H' @) -3y () = B(L—y~Y) (1 -3¢ + 597 (2.8)

In this case there are two conjugate flows: one for A_; = 0-4 and one for A, = 2-3.
For the primary flow N = 1-05; for the conjugate flow with A = A_;, N = 0-65,
and for the conjugate flow with A = A;, N = 0-81 (see figures 5 and 6).

Then

3. The classification of conjugate flows

(1) The only conjugate flows relevant to the physical problem are those where
A = A_jor A = A, forreasons given in Benjamin (1962, page 608). We may there-
fore divide primary flows into four classes:

Class O—where no conjugate flow exists.
Class Ia—where A,, but not A_,, exists.
Class Ib—where A_;, but not A, exists.
Class II—where both A, and A_, exist.

Example (@) above is of class I, example (b) of class 15, and example (¢) of
class IL. If equation (1.2a) is linear (i.e. if H’'(¢) is constant), the flow will be
of class O, except when the homogeneous linear equation

S, FyH'(Y)s =0, with s(0) =s(1)=0 (3.1)

happens to have an eigensolution, in which case every A corresponds to a con-
jugate flow, since an arbitrary multiple of such an eigensolution may be added
to the primary stream function ¢, = ¥.

(ii) We now derive some necessary conditions for the existence of conjugate
flows. The partial derivative i, of the function ¥(y, A) defined by (1.2a,b) and

(1.3) satisfies
Yoy + g H' () — A=y ) H' ()}, = 0,

with Pal0,4) = 0, ,,(0,4) = 1;
so that for ¥ = ¥ (y, Ay) = ¥ 4(v), if we define
(/\ - 1)‘/’,\(?/: /\0) = X(y: A)* (32)
x satisfies X+ H'(y)x =0, (3.3a)
with X(0,4) =0, ¥,(0,A) = A—1. (3.3b)
It is now possible to compare y(y, A) with the function

The function ¢(y, A) satisfies
Gyy+y H (P +1)p =0, (3.50)
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with $(0,2) =0, ¢,0,2)=A-1. (3.50)

If A = 2, so that ¥(y, A,) is the stream function of a conjugate flow, ¢(y,A,,)
also satisfies ¢(1,A,) = 0.

First, we note that if the primary flow is supercritical, the function ¥,(y, A,)
hasno zeroin (0, 1] (see Benjamin 1962, §4.4; Fraenkel 1967, page 90), and hence
Xx(y, A) has the same sign as A—1 on (0, 1].

From (3.3a) and (3.5a) we obtain

X¢yy_ ¢ny = 7/—1{H/(y) ~HI(¢ +?J)}¢X

Hence
R v ) d
e(§) - [l o-migeme 3.)
Also, from (3.356) and (3.5b6)
limq—s = lim@’ = 1. (3.7)

y—>0 X y—0 Xy

(@) Suppose that H"(y¥) < 0 on [0,1] and that A > 1. Then both y and
{H'(1)— H'(¢ + 1)} ¢ are positive on (0, 1], so that the integral in (3.6) is positive.
Hence ¢/y is an increasing function, and from (3.7) we see that ¢ > y on (0, 1].
Since y > 0, we must have ¢(1,A) > 0, and a conjugate solution is impossible.

(b) Suppose that H"(y¥) > 0 on [0,1] and that A < 1. Then both y and
{H'(ty— H'(¢ + 1)} ¢ are negative on (0, 1], so that the integral in (3.6) is positive.
Hence ¢/y is an increasing function, and from (3.7) we see that ¢ < y < 0 on
(0,1]. We must have ¢(1,A) < 0, and a conjugate solution is impossible.

Therefore we conclude: if H"({) < 0 on [0, 1], no conjugate solution is possible
with A > Ay. If H" () > 0 on [0, 1], no conjugate solution is possible with A < A,.
For a primary flow to belong to class 11, as defined above, H" () must change sign
somewhere in (0,1).

Let us verify that our previous results are consistent with this conclusion. In

example (a) of §2, o) =2 >0,

so that no conjugate flow with A < A, can exist. In example (b),
H' )= -8<0,

so that no conjugate flow with A > A, can exist. In example (c),

H"(Y) = 22(=-3+7¢),

which changes sign at ¢ = 2, so that conjugate solutions may exist on both sides
of the primary flow.
In Benjamin’s (1962) example 1,
H'(§) = & > 0,
and the flow is of class Ia.
(iii) It appears that the function H"(y) is important in determining the nature
of conjugate flows. When H"(y) is positive, conjugate flows in ¢ > y are in some

sense encouraged, and those in ¥ < y discouraged, and vice versa when H"(y/)
is negative. The assumption that the primary flow is supercritical puts an upper
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bound on the infimum of H’(y) on [0,1] [see (3.3@)]; in fact if H'(y) > }43 ;= 3-67
on [0, 1] the flow cannot be supercritical. It can be shown that the parameter N
for the primary flow is simply related to H'(y).T In fact, N%is the smallest positive
eigenvalue of the equation

Syy + Nzy_l‘Hl{l)bA(y)}s = 0:
with 8(0) = s(1) = 0.

According to Benjamin (1965), in all flows where vortex breakdown has been
observed, the conjugate flow has had a smaller velocity on the axis than the
primary flow; i.e. the flow has been of class Ib. This is to be expected, as for real
flows in pipes it is usually true that v,, < 0 and v/r decreases outwards, so that
rv, < v, and hence 9

4 w,, v, 20°

v Il;
H'()= 5+ 5+ 55 <0

4. Conjugate flows when the governing equation is slightly non-linear
If valy) = oyt waly) =1, (4.1)
equation (1.2a) becomes
Yy = o(1—y™Y), (4.2)
which is linear. The general solution is
¥ = y+ AyrJ,(20yY) + BytY,(20y}).

Solutions satisfying ¥(0) = 0 and (1) =1 exist only if J;(2¢0) = 0, so that
@ = }j1,, Where j, ,, is the nth zero of J;. Moreover, the primary flow is suberitical
when || > 1j, ; and supercritical when |o| < }j, ;; when |o] = 14, , it is just
critical.

=14
fo=14j4 1, Uy, A) = y+ (A= 1) o ybJ (20y3), (4.3)

and I consists of the 5-axis £ = 0.
Figure 7 shows the curve I corresponding to a primary flow
valy) = oyt(1-y), }
wA(y ) = 17

where o = 4j, ;. In this case I' is a double spiral. (The curve in figure 6 is part of
such a spiral.) This raises the question: given a family of functions

f(ya 1)07 6) = H,()/G 6) - %y_111(¢: €)>

such that for ¢ = 0 the problem (1.2) is linear, but still has conjugate solutions,
how does I', which is (say) a spiral for € & 0, reduce to the #-axis as ¢—>0?
Suppose that the primary flow is
v4(y) = oyt +eny(y), }
wA(y) = 1,

tPut W =1—cand a = 0 into Benjamin’s (1962) equation (A 24), noting that ¢, and
¢_ are the roots of N2 = (1—c¢)~2.

(4.4)

(4.5)
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where € is a small parameter. Then

I'(y) = 202 + 2eg(e, i),

say, so that (1.2a) becomes

Vyy = A=y 1) (02 +egle, ¥)),
with Y(0) =0, ¥,(0)=A.

" X A=-20

[
[ )
[

Fi1cURE 7. The curve I' for the primary flow va(y) = oy*(1 —y), waly)

Suppose that ¥(y. A) can be expanded as a power series in ¢:

PN = T Y0,
Substitute (4.7) into (4.6), putting

ey (67 Eoenlﬁn) = 21 €"gn(¢fo- ll//b e wn~1)

n= n=

\

(4.6)
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(note that g, is independent of ¥,,). Then, equating powers of ¢, we obtain

1//01/7/ = 0-2(1 _y—llﬁo)a ]

. (4.8)
with Yo0,2) = 0, 0, (0,4) = A; ]
and g+ 02 Y = [uly) for > 0} ws)
with Ya(0,0) =0, 1,,(0,2) = A, '
n—1,)
where fo= 0ot )~ S "’—fj—‘— (4.10)
r=0

Therefore i, is the unperturbed solution (4.3), and equation (4.9), which is
linear, may be easily solved by the method of variation of parameters. In fact,
the solution of (4.9) is

V= Ayt (20yY) + B, (y)y Y (20yb), (4.11)

v
where Ay) = f — mF,(1)7¥Y (20 7})dr,
{

}

Bu(y) = f nF, () 2o,

a’nd Fn(T) = fn{¢0(7)7 1,01(7), vy wn—d("-)}-

In this way ¥, ¥, ..., can be found successively.

We are primarily interested in the dependence of ¢ on A at the point y = 1.
This depends on the form of the function g. However, it can be said that if g,
is a polynomial of degree m in ¥, 1, will be a polynomial of degree at least
mn+ 1 in A; so that the power series (4.7) for ¥ is likely to fail when A= = O(e).
It is then necessary to find some other way of attacking the problem (4.6). In
general the form of the power series (4.7) will suggest a change of variables, which,
when applied to the initial value problem (4.6), will allow an expansion in powers
of ¢ remaining valid for unbounded A. This rescaling will depend on the form of
v4(y) in (4.5), and can be illustrated only for particular cases.

Example: primary flow given by

valy) = oytl+5ent) (£.12)
X :

u)zl (y ) . )

When ¢ = 1 and ¢ = 2 this reduces to the primary flow given by (2.3) above.
Now, (4.12) leads to the equation
Yy = A=Yy ) (L+69),

with P(0) =0, ¥, (0)=A }
Here g(e, i) = 0%, so that

gul¥) = o, for m> L
Yo = y+(A=1o'yd(20y1),
and hence  Fy(y) = —o(A— )20y} {yt + (A — 1) o1, (209})]. (4.14)

(4.13)

From (4.3),
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Therefore 4,, B; and ¥, are quadratic in A, and in general ¥/, is a polynomial of
degree n+ 1 in A, whose coefficients are easily found by integration.

When o = {j, ; = 1-916, so that the curve I" for the unperturbed flow reduces
to the #-axis, we find that

Ay = 0-1325(A— 1)+ 0-0028(A — 1)2 } 15
and B, = —0-3254(A—1)—0-1339(A — 1) (+:15)
Then, to first order in ¢,

£ ={—0-1342(A — 1) — 0-0552(A — 1)}¢ } (16)
and 7 = 1—0-4028(A — 1)+ { — 0-1339(A — 1) — 0-:0152(A — 1)3}e. '

Therefore, when ¢ is sufficiently small, that portion of I' corresponding to bounded
values of A —1 can be replaced by a parabola cutting the #-axis at the points
A=1,7=1land A = —1-431,9 = 1-9792 + 0-2358¢. The success of this approxi-
mation is demonstrated by figure 8.

Fieure 8. Comparison of exact and approximate curves I' for ¢ = 0-05. ,eurve obtained
by direct integration of equation (4.13); — ~ —, curve obtained from equation (4.16).
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In this example ¥, (y, A) is of the form

n+1

X Aa,(y),

r=0

8

so that the series Y(y,A) = X e,(y,A)
0

n=

may be expected to fail when A1 = O(¢). THis suggests that new variables ¢
and p should be chosen, where

=AYy and p=eA (4.17)

In terms of these variables, equation (4.13) becomes

¢w/ = 0-2(1 +P¢) (GP—I—?/—ISZS),l

, (4.18)
with $0)=0, ¢,0=1 |
Substituting -
¢y, p) = n§0 €"Pn(Y,P), (4.19)
W:e obtain Voyy = — 02y (1 +pdy) ¢07} (4.20)
with $(0) = 0, ¢0y(0) =1,

which is insoluble in elementary functions for p + 0. The equation for each
¢, (n > 1) is linear.
The curve I' is then given by

-t o) ) w21
and n=€" p¢0y(l)+0(l)>
with p as a variable parameter. The curve given parametrically in a (§,, 7,)-plane
by

o = €7pPo(1), 1o = €7pghy, (1)

may be taken as a first approximation to I' in the region where A=! = O(e).
Figure 9 shows this curve when o = }j; ; and ¢ = 0-05, together with the curve
obtained by integrating (4.13) numerically.

As €0, for any fixed A, §(1)—0 and the portion of I' between A and A,
reduces to the y-axis: but if the limit €0, p; < €A < p, for constants p,,p, > 0
is taken, £(A) 4> 0. In other words, I' may be divided into an ‘inner’ part and an
‘outer’ part; the inner part tends to the #-axis, but the outer part is given by
(4.21), and always is present for ¢ + 0 at a distance from the origin which is

O(e™1).
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A
€70
+1
€€o
=~10
p=—4 ’(/ £r

Ficure 9. Comparison of exact and approximate curves I' for ¢ = 0-05, A » 1. N
curve obtained by integration of equation (4.13) for large A; — — —, curve obtained by

integration of equation (4.20).
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